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Abstract
In this paper, we define multi poly-Bernoulli polynomials using multiple polylog-
arithm and derive some properties parallel to those of poly-Bernoulli polynomials.
Furthermore, an explicit formula for certain Hurwitz-Lerch type multi poly-Bernoulli
polynomials is established using the r-Whitney numbers of the second kind.
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1 Introduction
The poly-Bernoulli numbers were first introduced by Kaneko [20] by means of the following
exponential generating function
Lik(1− e
−t)
1− e−t
=
∞∑
n=0
B(k)n
tn
n!
where
Lik(z) =
∞∑
n=1
zn
nk
.
One can easily verify that, when k = 1, this gives B
(1)
n = Bn(1), a particular value of
Bernoulli polynomial. The poly-Bernoulli numbers can be extended in polynomial form as
Lik(1− e
−t)
1− e−t
ext =
∞∑
n=0
B(k)n (x)
tn
n!
.
Several properties for these numbers and polynomials are established including the following
explicit formula of Arakawa and Kaneko [2]
B(−k)n =
∑
m≥0
m!
{
n+ 1
m+ 1
}
m!
{
k + 1
m+ 1
}
,
1
where
{
n
m
}
denote Stirling numbers of the second kind. Through this formula, one may be
able to interpret the numbers B
(−k)
n in terms of the number of partitions as
{
n
m
}
count the
number of partitions of an n-set into m nonempty subsets. Recently, these numbers have
been interpreted as the number of binary lonesum matrices of size n × k where the binary
lonesum matrix is a binary matrix which can be reconstructed from its row and column sums
[5].
It is worth-mentioning that the above generalization of Kaneko has been generalized
further by Cenkci and Young [8] using the concept of Hurwitz-Lerch zeta function Φ(z, s, a)
as follows
Φ(1− e−t, k, a) =
∞∑
n=0
B(k)n,a
tn
n!
(1)
where
Φ(z, k, a) =
∞∑
n=0
zn
(n+ a)k
. (2)
The numbers B
(k)
n,a are called the Hurwitz type poly Bernoulli numbers. These numbers have
been shown Theorem 2.1 of [8] to have explicit formula
B(k)n,a = (−1)
n
n∑
m=0
(−1)mm!
{
n
m
}
(m+ a)k
. (3)
Obviously, B
(−k)
n,a are nonnegative integers when a is a nonnegative integer. Hence, combina-
torial interpretation for these numbers is possible to establish.
Recently, several mathematicians and physicists have been attracted to work on nested
harmonic sums because of their rich structure that fascinates theoreticians working on the
areas like algebra, number theory and combinatorics. These sums occur in the study on knot
theory and quantum field theory. Multiple polylogarithms are certain generalization of the
nested harmonic sums as well as the Riemann zeta function and the ordinary polylogarithm,
which preserve many interesting properties. More precisely, the multiple polylogarithms are
defined by
Li(k1,k2,...,kr)(z1, z2, . . . , zr) =
∑
0<m1<m2<...<mr
r∏
j=1
m
−kj
j z
nj
j , (4)
where k1, k2, . . ., kr and z1, z2, . . ., zr are complex numbers suitably restricted so that the sum
(4) converges. These polynomials also occur in various fields like combinatorics, knot theory,
quantum field theory and mirror symmetry. In fact, there are several sophisticated study
that relate multiple polylogarithms to arithmetic and algebraic geometry and to algebraic
K-theory.
There are studies that relate a special case of the aforementioned multiple polylogarithms
to the concept of Bernoulli and Euler numbers and polynomials by extending the idea of
2
poly-Bernoulli and poly-Euler numbers and polynomials to multiple parameter case. In
particular, some consider the case in which
z1 = z3 = . . . = zr−1 = 1, zr = z,
that is, the studies that deal with the multiple polylogarithm of the form
Li(k1,k2,...,kr)(z) =
∑
0<m1<m2<...<mr
zmr
mk11 m
k2
2 . . .m
kr
r
. (5)
For instance, Imatomi et al. [14] have defined a certain generalization of Bernoulli numbers
in terms of these multiple logarithms as follows
Li(k1,k2,...,kr)(1− e
−t)
1− e−t
=
∞∑
n=0
B(k1,k2,...,kr)n
tn
n!
. (6)
These numbers possess respectively the following recurrence relation and explicit formula
B(k1,k2,...,kr)n =
1
n + 1
(
B(k1−1,k2,...,kr)n −
n−1∑
m=1
(
n
m− 1
)
B(k1,k2,...,kr)m
)
(7)
B(k1,k2,...,kr)n = (−1)
n
∑
n+1≥m1>m2>...>mr>0
(−1)m1−1(m1 − 1)!S(n,m1 − 1)
mk11 m
k2
1 . . .m
kr
r
. (8)
Parallel to the above generalization is the generalized multi poly-Euler polynomials which are
denoted by E
(k1,k2,...,kr)
n (x; a, b, c). These polynomials have been introduced in [18] by means
of the above multiple poly-logarithm, also known as multiple zeta values. More precisely, we
have
2Li(k1,k2,...,kr)(1− (ab)
−t)
(a−t + bt)r
crxt =
∞∑
n=0
E(k1,k2,...,kr)n (x; a, b, c)
tn
n!
. (9)
When r = 1, (9) boils down to the generalized poly-Euler polynomials with three parameters
a, b, c. Moreover, when c = e, (9) reduces to the multi poly-Euler polynomials with two
parameters a, b. These special cases have been discussed intensively in [18, 12].
In this paper, generalized multi poly-Bernoulli polynomials are defined and some proper-
ties of these polynomials are established parallel to those of the poly-Bernoulli polynomials.
Moreover, certain generalization of multi poly-Bernoulli numbers is defined in terms of gen-
eralized Hurwitz-Lerch multiple zeta values.
2 Generalized Multi Poly-Bernoulli Polynomials
Parallel to the definition of generalized multi poly-Euler polynomials in (9), we have the
following generalization of poly-Bernoulli numbers.
Definition 2.1. The generalized multi poly-Bernoulli polynomials are defined by
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
crxt =
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
. (10)
3
The following theorem contains some identities for B
(k1,k2,...,kr)
n (x; a, b, c).
Theorem 2.2. The generalized multi poly-Bernoulli polynomials satisfy the following iden-
tities.
B(k1,k2,...,kr)n (x; a, b, c) =
∞∑
m=0
n∑
l=m
(r log c)l
{
l
m
}(
n
l
)
B
(k1,k2,...,kr)
n−l (−m log c; a, b)(x)
(m)
B(k1,k2,...,kr)n (x; a, b, c) =
∞∑
m=0
n∑
l=m
(r log c)l
{
l
m
}(
n
l
)
B
(k1,k2,...,kr)
n−l (0; a, b)(x)
(m)
B(k1,k2,...,kr)n (x; a, b, c) =
∞∑
m=0
(
n
m
) n−m∑
l=0
(
n−m
l
)
(
l+s
l
) {l + s
s
}
B
(k1,k2,...,kr)
n−m−l (0; a, b)B
(s)
m (xr log c)
B(k1,k2,...,kr)n (x; a, b, c) =
n∑
m=0
(
n
m
)
(1− λ)s
s∑
j=0
(
s
j
)
(−λ)s−jB
(k1,k2,...,kr)
n−m (j; a, b)H
(s)
m (xr log c;λ)
where (x)(n) = x(x+ 1) . . . (x+ n− 1), (x)n = x(x− 1) . . . (x− n+ 1),(
t
et − 1
)s
ext =
∞∑
n=0
B(s)n (x)
tn
n!
and
(
1− λ
et − λ
)s
ext =
∞∑
n=0
H(s)n (x;λ)
tn
n!
.
Proof. For the first identity, note that (10) can be written as
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
(1− (1− e−rt log c))−x.
Using Newton’s Binomial Theorem, we have
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
∞∑
m=0
(
x+m− 1
m
)
(1− e−rt log c)m
=
∞∑
m=0
(x)(m)
(ert log c − 1)m
m!
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
e−mrt log c
=
∞∑
m=0
(x)(m)
(
∞∑
n=0
{
n
m
}
(rt log c)n
n!
)(
∞∑
n=0
B(k1,k2,...,kr)n (−mr log c; a, b)
tn
n!
)
=
∞∑
n=0
{
∞∑
m=0
n∑
l=m
(r log c)l
{
l
m
}(
n
l
)
B
(k1,k2,...,kr)
n−l (−mr log c; a, b)(x)
(m)
}
tn
n!
.
Comparing coefficients completes the proof of the first identity. For the next identity, this
can be shown parallel to the above argument. For the last two identities, note that (10) can
be written as
G(t) =
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
4
=(
(et − 1)s
s!
)(
tsexrt log c
(et − 1)s
)(
2Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
)
s!
ts
=
(
∞∑
n=0
{
n+ s
s
}
tn+s
(n+ s)!
)(
∞∑
m=0
B(s)m (xr log c)
tm
m!
)(
∞∑
n=0
B(k1,k2,...,kr)n (0; a, b)
tn
n!
)
s!
ts
=
∞∑
n=0
{
n∑
m=0
(
n
m
) n−m∑
l=0
(
n−m
l
)
(
l+s
s!
) {l + s
s
}
B
(k1,k2,...,kr)
n−m−l (0; a, b)B
(s)
m (xr log c)
}
tn
n!
.
This proves the third identity. Again, using (10), we have
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
(
(1− λ)s
(et − λ)s
exrt log c
)(
(et − λ)s
(1− λ)s
)(
2Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
)
=
(
∞∑
n=0
H(s)n (xr log c;λ)
tn
n!
)(
s∑
j=0
(
s
j
)
(−λ)s−j
2Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
ejt
)
=
∞∑
n=0
(
n∑
m=0
(
n
m
)
(1− λ)s
s∑
j=0
(
s
j
)
(−λ)s−jB
(k1,k2,...,kr)
n−m (j; a, b)H
(s)
m (xr log c;λ)
)
tn
n!
.
This completes the proof of the theorem.
The next theorem contains an explicit formula for B
(k1,k2,...,kr)
n (x; a, b, c).
Theorem 2.3. (Explicit Formula) For k ∈ Z, n ≥ 0, we have
B(k1,k2,...,kr)n (x; a, b, c) =
∑
mr>...>m1>0
mr−r∑
j=0
(−1)j
(
mr−r
j
)
(rx− j ln a− (j + 1) ln b)n
mk11 m
k2
2 . . .m
kr
r
. (11)
Proof.
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
= b−rt
( ∑
mr>...>m1>0
(1− (ab)−t)mr−r
mk11 m
k2
2 . . .m
kr
r
)
= b−rt
∑
mr>...>m1>0
1
mk11 m
k2
2 . . .m
kr
r
mr−r∑
j=0
(−1)j
(
mr − r
j
)
e−jt ln(ab)
=
∑
mr>...>m1>0
1
mk11 m
k2
2 . . . m
kr
r
mr−r∑
j=0
(−1)j
(
mr − r
j
)
e−t(j ln a+(j+1) ln b).
So, we get
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
exrt ln c
5
=
∑
mr>...>m1>0
1
mk11 m
k2
2 . . .m
kr
r
mr−r∑
j=0
(−1)j
(
mr − r
j
)
et(rx−j ln a−(j+1) ln b)
=
∞∑
n=0
( ∑
mr>...>m1>0
1
mk11 m
k2
2 . . .m
kr
r
mr−r∑
j=0
(−1)j
(
mr − r
j
)
(rx− j ln a− (j + 1) ln b)n
)
tn
n!
By comparing the coefficients of t
n
n!
on both sides, the proof is completed.
The next theorem contains an expression of B
(k1,k2,...,kr)
n (x; a, b, c) as polynomial in x.
Theorem 2.4. The generalized multi poly-Bernoulli polynomials satisfy the following rela-
tion
B(k1,k2,...,kr)n (x; a, b, c) =
n∑
i=0
(
n
i
)
(ln c)n−iB
(k1,k2,...,kr)
i (a, b)x
n−i (12)
Proof. Using (10), we have
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
cxt = ext ln c
∞∑
n=0
B(k1,k2,...,kr)n (a, b)
tn
n!
=
∞∑
n=0
n∑
i=0
(xt ln c)n−i
(n− i)!
B
(k1,k2,...,kr)
i (a, b)
ti
i!
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
(ln c)n−iB
(k1,k2,...,kr)
i (a, b)x
n−i
)
tn
n!
.
Comparing the coefficients of t
n
n!
, we obtain the desired result.
Note that, when a = c = e and b = 1, Definition 2.1 reduces to
Li(k1,k2,...,kr)(1− e
−t)
(1− e−t)r
erxt =
∞∑
n=0
B(k1,k2,...,kr)n (x)
tn
n!
. (13)
The following theorem gives a relation between B
(k1,k2,...,kr)
n (x; a, b, c) and B
(k1,k2,...,kr)
n (x).
Theorem 2.5. The generalized multi poly-Bernoulli polynomials satisfy the following rela-
tion
B(k1,k2,...,kr)n (x; a, b, c) = (ln a + ln b)
nB(k1,k2,...,kr)n
(
x ln c− r ln b
ln a+ ln b
)
(14)
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Proof. Using (10), we have
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
Li(k1,k2,...,kr)(1− (ab)
−t)
brt(1− (ab)−t)r
ext ln c
= e
x ln c−r ln b
ln ab
t ln abLi(k1,k2,...,kr)(1− e
−t ln ab)
1 + e−t lnab
=
∞∑
n=0
(ln a + ln b)nB(k1,k2,...,kr)n
(
x ln c− r ln b
ln a + ln b
)
tn
n!
.
Comparing the coefficients of t
n
n!
, we obtain the desired result.
Theorem 2.6. The generalized poly-Bernoulli polynomials satisfy the following relation
d
dx
B
(k1,k2,...,kr)
n+1 (x; a, b, c) = (n + 1)(ln c)B
(k1,k2,...,kr)
n (x; a, b, c) (15)
Proof. Using (10), we have
∞∑
n=0
d
dx
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
=
t(ln c)Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
exrt ln c
∞∑
n=0
d
dx
B(k1,k2,...,kr)n (x; a, b, c)
tn−1
n!
=
∞∑
n=0
(r ln c)B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
.
Hence,
∞∑
n=0
1
n + 1
d
dx
B
(k1,k2,...,kr)
n+1 (x; a, b, c)
tn
n!
=
∞∑
n=0
(ln c)B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
.
Comparing the coefficients of t
n
n!
, we obtain the desired result.
The following corollary immediately follows from Theorem 2.6 by taking c = e. For
brevity, let us denote B
(k1,k2,...,kr)
n (x; a, b, e) by B
(k1,k2,...,kr)
n (x; a, b).
Corollary 2.7. The generalized poly-Bernoulli polynomials are Appell polynomials in the
sense that
d
dx
B
(k1,k2,...,kr)
n+1 (x; a, b) = (n+ 1)B
(k1,k2,...,kr)
n (x; a, b) (16)
Consequently, using the characterization of Appell polynomials [22, 25, 26], the following
addition formula can easily be obtained.
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Corollary 2.8. The generalized poly-Bernoulli polynomials satisfy the following addition
formula
B(k1,k2,...,kr)n (x+ y; a, b) =
n∑
i=0
(
n
i
)
B
(k1,k2,...,kr)
i (x; a, b)y
n−i (17)
However, we can derive the addition formula for B
(k1,k2,...,kr)
n (x; a, b, c) as follows
∞∑
n=0
B(k1,k2,...,kr)n (x+ y; a, b, c)
tn
n!
=
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
c(x+y)rt
=
Li(k1,k2,...,kr)(1− (ab)
−t)
(bt − a−t)r
cxrtcyrt
=
(
∞∑
n=0
B(k1,k2,...,kr)n (x; a, b, c)
tn
n!
)(
∞∑
n=0
(yr ln c)n
tn
n!
)
=
∞∑
n=0
(
n∑
i=0
(
n
i
)
(yr ln c)n−iB
(k1,k2,...,kr)
i (x; a, b, c)
)
tn
n!
.
Comparing the coefficients of t
n
n!
yields the following result.
Theorem 2.9. The generalized poly-Bernoulli polynomials satisfy the following addition
formula
B(k1,k2,...,kr)n (x+ y; a, b, c) =
n∑
i=0
(
n
i
)
(r ln c)n−iB
(k1,k2,...,kr)
i (x; a, b, c)y
n−i.
Remark 2.10. When x = 0, we have
B(k1,k2,...,kr)n (y; a, b, c) =
n∑
i=0
(
n
i
)
(r ln c)n−iB
(k1,k2,...,kr)
i (a, b, c)y
n−i.
When y = (m− 1)x, we further get
B(k1,k2,...,kr)n (mx; a, b, c) =
n∑
i=0
(
n
i
)
(r ln c)n−iB
(k1,k2,...,kr)
i (x; a, b, c)(m− 1)
n−ixn−i,
which is a kind of multiplication formula.
Now let us consider certain symmetrized generalization of B
(k1,k2,...,kr)
n (x; a, b, c).
Definition 2.11. For m,n ≥ 0, we define
C(m)n,r (x, y; a, b, c) =
∑
k1+k2+...+kr=m
(
m
k1, k2, . . . kr
)
B
(−k1,−k2,...−kr−1)
n (x; a, b, c)
(ln a+ ln b)n
×
×
(
y ln c−
(r − 1) ln b
ln a+ ln b
)kr
.
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The following theorem contains the double generating function for C
(m)
n (x, y; a, b, c).
Theorem 2.12. For n,m ≥ 0, we have
∞∑
n=0
∞∑
m=0
C(m)n,r (x, y; a, b, c)
tn
n!
um
m!
=
e(y ln c−
(r−1) ln b
ln a+ln b )ue(x ln c−
(r−1) ln b
lna+ln b )te(
r
2)u+(r−1)t∏r−1
i=1 (e
t + eiu − et+iu)
. (18)
Proof.
∞∑
n=0
∞∑
m=0
C(m)n (x, y; a, b, c)
tn
n!
um
m!
=
∞∑
n=0
∞∑
m=0
∑
k1+k2+...+kr=m
B
(−k1,−k2,...−kr−1)
n (x; a, b, c)
(ln a + ln b)n
(
y ln c−
(r − 1) ln b
ln a+ ln b
)kr tn
n!
×
×
um
k1!k2! . . . kr!
=
∞∑
n=0
∑
k1+k2+...+kr≥0
B
(−k1,−k2,...−kr−1)
n (x; a, b, c)
(ln a+ ln b)n
(
y ln c−
(r − 1) ln b
ln a + ln b
)kr tn
n!
×
×
uk1+k2+...+kr
k1!k2! . . . kr!
=
∞∑
n=0
∑
k1+k2+...+kr−1≥0
B
(−k1,−k2,...−kr−1)
n (x; a, b, c)
(ln a + ln b)n
∑
kr≥0
(
y ln c−
(r − 1) ln b
ln a+ ln b
)kr ukr
kr!
×
×
tn
n!
uk1+k2+...+kr−1
k1!k2! . . . kr−1!
= e(y ln c−
(r−1) ln a
ln a+ln b )u
∞∑
n=0
∑
k1+k2+...+kr−1≥0
B
(−k1,−k2,...−kr−1)
n (x; a, b, c)
(ln a+ ln b)n
tn
n!
uk1+k2+...+kr−1
k1!k2! . . . kr−1!
Using identity (14), we obtain
∞∑
n=0
∞∑
m=0
C(m)n,r (x, y; a, b, c)
tn
n!
um
m!
= e(y ln c−
(r−1) ln b
lna+ln b )u
∑
k1+k2+...+kr−1≥0
∞∑
n=0
B(−k1,−k2,...−kr−1)n
(
x ln c−
(r − 1) ln b
ln a + ln b
)
tn
n!
×
×
uk1+k2+...+kr−1
k1!k2! . . . kr−1!
= e(y ln c−
(r−1) ln b
lna+ln b )ue(x ln c−
(r−1) ln b
ln a+ln b )t
∑
k1+k2+...+kr−1≥0
Li(−k1,−k2,...,−kr−1)(1− e
−t)
(1− e−t)r−1
×
×
uk1+k2+...+kr−1
k1!k2! . . . kr−1!
9
=
e(y ln c−
(r−1) ln b
ln a+ln b )ue(x ln c−
(r−1) ln b
ln a+ln b )t
(1− e−t)r−1
∑
0<m1<m2<...<mr−1
(1− e−t)mr−1eu(m1+m2+...+mr−1)
=
ey ln c−(
(r−1) ln b
ln a+ln b )ue(x ln c−
(r−1) ln b
ln a+ln b )te(
r
2)u∏r−1
i=1 (1− e
iu(1− e−t))
=
e(y ln c−
(r−1) ln b
ln a+ln b )ue(x ln c−
(r−1) ln b
ln a+ln b )te(
r
2)u+(r−1)t∏r−1
i=1 (e
t + eiu − et+iu)
.
Remark 2.13. We observe that duality relation will not work for C
(m)
n,r (x, y; a, b, c) when
r ≥ 3. However, when r = 2, the double generating function in Theorem 2.12 yields
∞∑
n=0
∞∑
m=0
C
(m)
n,2 (x, y; a, b, c)
tn
n!
um
m!
=
e(y ln c−
ln b
lna+ln b)ue(x ln c−
ln b
ln a+ln b)teu+t
(et + eu − et+u)
,
which implies the following duality relation
C
(m)
n,2 (x, y; a, b, c) = C
(m)
n,2 (y, x; a, b, c).
Furthermore, when c = e, we get
C(m)n (x, y; a, b) = C
(m)
n (y, x; a, b),
which is exactly the duality relation that appeared in [17].
3 Hurwitz-Lerch Type Multi Poly-Bernoulli Polyno-
mials
Consider the case in which x = 1, a = e and b = c = 1 for the parameters in Definition 2.1.
Then we have
Li(k1,k2,...,kr)(1− e
−t)
(1− e−t)r
=
∞∑
n=0
B(k1,k2,...,kr)n
tn
n!
. (19)
This can be generalized using the following generalization of Hurwitz-Lerch multiple zeta
values
Φ(k1,k2,...,kr)(z, a) =
∑
0≤m1≤m2≤...≤mr
zmr
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
.
(20)
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Note that
Li(k1,k2,...,kr)(z) =
∑
0<m1<m2<...<mr
zmr
mk11 m
k2
2 . . .m
kr
r
= zr
∑
0<m1<m2<...<mr
zmr−r
m1k1m2k2 . . .mrkr
= zr
∑
0≤m1≤m2≤...≤mr
zmr
(m1 + 1)
k1(m2 + 2)
k2 . . . (mr + r)
kr
= zrΦ(k1,k2,...,kr)(z, r)
Thus, we have
Li(k1,k2,...,kr)(z)
zr
= Φ(k1,k2,...,kr)(z, r). (21)
More precisely, one can generalize (19) as follows
Φ(k1,k2,...,kr)(1− e
−t, a) =
∞∑
n=0
B(k1,k2,...,kr)n,a
tn
n!
. (22)
We call B
(k1,k2,...,kr)
n,a as Hurwitz-Lerch Type Multi Poly-Bernoulli Numbers. Furthermore,
we can define the Hurwitz-Lerch Type Multi Poly-Bernoulli Polynomials B
(k1,k2,...,kr)
n,a (x) as
follows
Φ(k1,k2,...,kr)(1− e
−t, a)erxt =
∞∑
n=0
B(k1,k2,...,kr)n,a (x)
tn
n!
(23)
where B
(k1,k2,...,kr)
n,a (0) = B
(k1,k2,...,kr)
n,a .
The next theorem contains an explicit formula for B
(k1,k2,...,kr)
n,a (x) expressed in terms
of the r-Whitney numbers of the second kind Wm,r(n, k) introduced by I. Mezo˝ in [23] as
coefficients of the following exponential generating function
∞∑
n=k
Wm,r(n, k)
zn
n!
=
erz
k!
(
emz − 1
m
)k
. (24)
It is worth mentioning that the ordinary Bernoulli numbers Bn defined by
z
ez − 1
=
∞∑
n=0
Bn
zn
n!
are expressed in terms r-Whitney numbers of the first and second kind in [23] as follows
(
n+ 1
l
)
Bn−l+1 =
n+ 1
mn−l+1
n∑
k=0
Wm,r(n, k)
wm,r(k + 1, l)
k + 1
11
where wm,r(n, k) are the r-Whitney numbers of the first kind defined in [23] as coefficients
of the following exponential generating function
∞∑
n=k
wm,r(n, k)
zn
n!
= (1 +mz)
−r
m
lnk(1 +mz)
mkk!
.
It is important to note that the r-Whitney numbers of the second kind Wm,r(n, k) are
equivalent to the (r, β)-Stirling numbers
{
n
m
}
β,r
in [11]. More precisely,
Wβ,r(n,m) =
{
n
m
}
β,r
.
Theorem 3.1. The Hurwitz-Lerch type multi poly-Bernoulli polynomials have the following
explicit formula
B(k1,k2,...,kr)n,a (x) =
∑
0≤m1≤m2≤...≤mr≤n
mr!W−1,xr(n,mr)
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
.
(25)
Proof. Using (20) and (24), we have
∞∑
n=0
B(k1,k2,...,kr)n,a (x)
tn
n!
= Φ(k1,k2,...,kr)(1−e
−t, a)exrt
=
∑
0≤m1≤m2≤...≤mr
mr!
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
exrt(e−t − 1)mr
(−1)mrmr!
=
∑
0≤m1≤m2≤...≤mr
mr!
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
∞∑
n=mr
W−1,xr(n,mr)
tn
n!
=
∞∑
n=0
∑
0≤m1≤m2≤...≤mr≤n
mr!W−1,xr(n,mr)
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
tn
n!
Comparing the coefficients of t
n
n!
completes the proof of the theorem.
Note that (24) implies
W−1,0(n,mr) = (−1)
n+mr
{
n
mr
}
.
Hence, as a direct consequence of Theorem 3.1 with x = 0, we have the following corollary.
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Corollary 3.2. The Hurwitz-Lerch type multi poly-Bernoulli numbers equal
B(k1,k2,...,kr)n,a =
∑
0≤m1≤m2≤...≤mr≤n
(−1)n+mrmr!
{
n
mr
}
(m1 + a− r + 1)k1(m2 + a− r + 2)k2 . . . (mr + a)kr
. (26)
Remark 3.3. When r = 1, equation (26) gives
B(k1)n,a =
∑
0≤m1≤n
(−1)n+m1m1!
{
n
m1
}
(m1 + a)k1
which is exactly the explicit formula for Hurwitz-Lerch type poly-Bernoulli numbers in (3).
Remark 3.4. Note that, when k1, k2, . . . , kr are all positive integers, B
(−k1,−k2,...,−kr)
n,a are
always nonnegative integers. This implies that we can possibly draw combinatorial interpre-
tations of these numbers.
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